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Piezoelectric materials are widely used in various ﬁelds of engi-
neering, ranging from simple pressure transducers and motion
accelerometers to complicated integration systems such as smart
structures and microelectromechanical systems (MEMS). They
can act simultaneously as sensors and actuators, and therefore
may encounter complex electromechanical loadings. Thus, it is
important to understand how these materials response to exter-
nally applied loads. Defects in them play a major role in determin-
ing the strength and reliability of devices made of these materials.
Intensive research has resulted in numerous articles on this topic
and interested readers are referred to review articles for a long list
of references (Zhang et al., 2002; Zhang and Gao, 2004; Kuna,
2010). After perusing these publications, it is found that most of
exact and explicit solutions are restricted to the class with hexag-
onal symmetry; few explicit results are available for other classes.
Recently attempts have been made to ﬁll this void of information
by solving some defect related problems in cubic piezoelectric
crystals. The piezoelectric potential induced by a screw dislocation
in cubic crystals was analyzed in Chiang (2012) and a more com-
plete account was given in Chiang (2013a). Crack problems were
solved in Chiang (2013b) where some useful solutions have been
obtained. To continue the pursuit of this goal, analytic solutions
of some half-space problems of cubic piezoelectric crystals are de-
rived in this article. The present results are exact and explicit, and
therefore may shed some light on this complicated problem.The paper is organized as follows. In the next section, the
governing equations for the anti-plane deformation coupled with
in-plane electric ﬁeld in a cubic piezoelectric medium are brieﬂy
reviewed. In Section 3, by the method of analytic function of com-
plex variables, solutions of half-space problems are derived for
two electric boundary conditions speciﬁed on the surface of the
semi-inﬁnite region. To illustrate the general solution, a concen-
trated line force acting on the surface is speciﬁcally treated and
ensuing electromechanical ﬁelds are explicitly shown in Section 4.
The fundamental solution concerning a screw dislocation beneath
the free surface is also solved in this section. In Section 5, a
sub-surface crack problem is solved by simulating the crack as
a continuous distribution of dislocations.2. Governing equations and general solutions
Since the material has a cubic symmetry, it is advantageous to
take a coordinate system as shown in Fig.1 that the x-axis is in
the [100] direction and the y-axis point to [010] direction. The
problem under consideration is an out-of-plane shear coupled with
in-plane electric ﬁeld; as shown earlier that for the present prob-
lem the displacement w in the direction of z-axis and the electric
potential U must satisfy (Chiang, 2012, 2013a,b)C44
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Fig. 1. Rectangular coordinates and polar coordinates.
Table 1
Material constants and electromechanical coupling parameter h of Bismuth Germ-
anate (Bi4Ge3O12) and Bismuth Germanium Oxide (Bi12GeO20).
Material C44 (1010 N/m2) e14 (C/m2) j11(1012 F/m) h
Bi4Ge3O12 4.36 0.0376 142 0.00022835
Bi12GeO20 2.55 0.99 336 0.114391
Table 2
Material parameters of Bismuth Germanate and Bismuth Germanium Oxide. Note
that l1 = is1, l2 = is2, k1 = ik and k2 = ik.
Material s1 s2 k
Bi4Ge3O12 1.0152254 0.9850029 1.75226  1010
Bi12GeO20 1.3938641 0.7174300 8.71165  109
Fig. 2. Two types of boundary conditions imposed on the surface of semi-inﬁnite
region.
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stant and permittivity of the material. By eliminating U from these
two equations, it is found that
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If the displacement w(x, y) is assumed to have the form of
w(x + ly), then lmust satisfy the following characteristic equation
l4 þ 2ð1þ 2hÞl2 þ 1 ¼ 0 ð4Þ
The four roots of Eq. (4) are all pure imaginary and can be written as
follows: l1 ¼ is1 ¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ hp þ
ﬃﬃﬃ
h
p 
, l2 ¼ is2 ¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ hp 
ﬃﬃﬃ
h
p 
,
l3 ¼ l1 and l4 ¼ l2 with i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
and h ¼ e214=ðC44j11Þ. It is
noted that l1l2 ¼ 1 (or s1s2 ¼ 1).
Since the displacement must be a real function, it is concluded
that the general solution of Eq. (3) is
w ¼ 2Re F1ðz1Þ þ F2ðz2Þ½  ð5Þ
where Re[] denotes the real part of a complex function; F1 and F2 are
some arbitrary functions with z1 ¼ xþ l1y and z2 ¼ xþ l2y. On the
other hand, since the electric potential U must satisfy Eqs. (1) and
(2), it is concluded that
U00k ¼ kkF 00k; k ¼ 1;2 ð6Þ
where k1 ¼ k2 ¼ ik and k ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C44=j11
p
. Thus, the electric potential
can be written as
U ¼ 2Re k1F1ðz1Þ þ k2F2ðz2Þ þ a1z1 þ a2z2 þ b½  ð7Þ
Eqs. (5) and (7) are the general solution that satisfy the governing
equations of the problem. Furthermore, when the displacement
and the electric potential of a speciﬁc problem have been deter-
mined, the electric ﬁeld, stress and electric displacement can be
found by the following equations
Ex ¼ 2Re k1F 01ðz1Þ þ k2F 02ðz2Þ
  ð8Þ
Ey ¼ 2Re k1l1F 01ðz1Þ þ k2l2F 02ðz2Þ
  ð9Þ
szx ¼ 2Re ðC44 þ e14k1l1ÞF 01ðz1Þ þ ðC44 þ e14k2l2ÞF 02ðz2Þ
  ð10Þ
syz ¼ 2Re ðC44l1 þ e14k1ÞF 01ðz1Þ þ ðC44l2 þ e14k2ÞF 02ðz2Þ
  ð11Þ
Dx ¼ 2Re ðe14l1  j11k1ÞF 01ðz1Þ þ ðe14l2  j11k2ÞF 02ðz2Þ
  ð12Þ
Dy ¼ 2Re ðe14  j11k1l1ÞF 01ðz1Þ þ ðe14  j11k2l2ÞF 02ðz2Þ
  ð13Þ
From these equations, it can be seen that the inﬂuence of the
material constants on the solution is through the complex param-
eters l1, l2, k1 and k2. The material constants and associated com-
plex parameters are shown in Tables 1 and 2 for two typical cubic
piezoelectric crystals: Bismuth Germanate and Bismuth Germa-
nium Oxide (Auld, 1973).3. Solutions to half-space problems
Consider a half-space domain which occupies the lower part of
y = 0 surface in the coordinates as shown in Fig. 1. A variety of
boundary conditions can be speciﬁed on the surface. In this section
the solutions are given for the following two types of boundary
conditions: on y = 0, (A) syz = S⁄(x), U =U⁄(x), and (B) syz = S⁄(x),
Dy = D⁄(x) as shown in Fig. 2. Electric boundary condition (A) is in-
tended for the case that the electric potential across the surface of
piezoelectric crystals can be imposed or measured. On the other
hand the electric boundary condition (B) is intended for applica-
tions where the surface is in contact with conductors of known
charge density or in contact with dielectrics of known electric
induction normal to the surface.
Before deriving the solution, it is ﬁrst noted that for an analytic
function f which vanishes at inﬁnity has the following property,
1
2pi
Z 1
1
f ðnÞ
n z ¼ f ðzÞ;
1
2pi
Z 1
1
f ðnÞ
n z ¼ 0 ð14Þ
where z is in the lower half-space ðy 6 0Þ, and f ðzÞ ¼ f ðzÞ. A bar over
a variable or a function denotes its complex conjugate. The follow-
ing derivation of the solution is parallel to that in Lekhnitskii (1968)
which is a generalization of the method used in Muskhelishvili
(1963).
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Since on y = 0, z1 = z2 = n, n is real, and based on Eqs. (11) and (8)
they can be written as
ðC44l1 þ e14k1ÞF 01ðnÞ þ ðC44l2 þ e14k2ÞF 02ðnÞ
þ ðC44l1 þ e14k1ÞF 01ðnÞ þ ðC44l2 þ e14k2ÞF 02ðnÞ
¼ SðnÞ ð15Þ
k1F
0
1ðnÞ þ k2F 02ðnÞ þ k1F 01ðnÞ þ k2F 02ðnÞ ¼
dU
dn
 EðnÞ ð16Þ
The solution to Eq. (15) and (16) can be easily obtained by using
Eq. (14) after taking the integral on both sides and the results are
F 01ðz1Þ ¼
1
i2pDa
Z 1
1
k2S
ðnÞ þ ðC44l2 þ e14k2ÞEðnÞ
n z1 dn ð17Þ
F 02ðz2Þ ¼
1
i2pDa
Z 1
1
k1S
ðnÞ þ ðC44l1 þ e14k1ÞEðnÞ
n z2 dn ð18Þ
where
Da ¼ C44ðl1k2  l2k1Þ ¼ 2C44k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ h
p3.2. Type (B) boundary condition: syz = S⁄(x), Dy = D⁄(x)
Similarly, type (B) boundary conditions can be written as
2Re ðC44l1 þ e14k1ÞF 01 þ ðC44l2 þ e14k2ÞF 02
  ¼ SðnÞ ð19Þ
2Re ðe14  j11l1k1ÞF 01 þ ðe14  j11l2k2ÞF 02
  ¼ DðnÞ ð20Þ
The corresponding solutions are
F 01ðz1Þ ¼
1
i2pDbZ 1
1
ðe14  j11k2l2ÞSðnÞ þ ðC44l2 þ e14k2ÞDðnÞ
n z1 dn ð21Þ
F 02ðz2Þ ¼
1
i2pDbZ 1
1
ðe14  j11k1l1ÞSðnÞ  ðC44l1 þ e14k1ÞDðnÞ
n z2 dn ð22Þ
where
Db ¼ e14ðl1  l2ÞðC44 þ j11k1k2Þ þ ðC44j11l1l2 þ e214Þðk1  k2Þ
¼ i2C44ð1þ hÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C44j11
p
:
There are other more complicated boundary conditions can be spec-
iﬁed on the surface and these are better to be addressed case by
case.
4. Examples
4.1. A concentrated line force acting on the surface
Consider a concentrated line force pointing to the z-axis acting
on the surface of the half-space domain. If the electric boundary
condition is prescribed as constant for electric potential, then from
Eqs. (17) and (18), with E⁄ = 0, we have
F 01ðz1Þ ¼
k2
i2pDa
Z 1
1
SðnÞ
n z1 dn; F
0
2ðz2Þ ¼
k1
i2pDa
Z 1
1
SðnÞ
n z2 dn ð23Þ
Taking S⁄ as the Dirac delta function, or S⁄(n) = Sd(n), it is
obtained thatF 01ðz1Þ ¼ 
S
4pC44
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ hp z1
; F 02ðz2Þ ¼ 
S
4pC44
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ hp z2
ð24Þ
In other words, F 01 and F
0
2 are the same function; this is a general
conclusion when the electric potential is constant over the half-
space surface. Before discussing the electric ﬁeld and stress distri-
bution, it is instructive to consider the corresponding displacement
and electric potential ﬁrst. By simple integration it is found that
F1ðz1Þ ¼  S
4pC44
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ hp ln z1; F2ðz2Þ ¼ 
S
4pC44
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ hp ln z2
ð25Þ
The integration constants have been ignored here. Substituting
into Eqs. (5) and (7), respectively, it is found that
w ¼  S
2pC44
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ hp ðln r1 þ ln r2Þ ð26Þ
U ¼ S
2p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1þ hÞC44j11
p ð/2  /1Þ ð27Þ
where r1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ s21y2
q
, r2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ s22y2
q
, /1 ¼ tan1ðs1y=xÞ and
/2 ¼ tan1ðs2y=xÞ: It is concluded that the equipotential lines are
straight and all emanate from the point of action of the force; the
displacement has a logarithmic singularity at the same point. For
non-piezoelectric materials such as isotropic materials, (h = 0,
s1 = s2 = 1) Eq. (26) reduces to
w ¼  SpC44 ln r ð28Þ
and the electric potential is null everywhere. The result is in agree-
ment with the known solution (Johnson, 1985; Chiang, 2009). The
corresponding other physical quantities can be accordingly deter-
mined. The strain components are
czx ¼ 
S
2pC44
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ hp
x
x2 þ s21y2
þ x
x2 þ s22y2
 
ð29Þ
cyz ¼ 
S
2pC44
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ hp
s21y
x2 þ s21y2
þ s
2
2y
x2 þ s22y2
 
ð30Þ
Or in polar coordinates
czr ¼ 
S
prC44
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ hp ð31Þ
cz/ ¼
Sh sin 2/ cos 2/
prC44
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ hp ð1þ h sin2 2/Þ
ð32Þ
The electric ﬁelds are
Ex ¼  S
2p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C44j11ð1þ hÞ
p s1y
x2 þ s21y2
 s2y
x2 þ s22y2
 
ð33Þ
Ey ¼ S
2p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C44j11ð1þ hÞ
p s1x
x2 þ s21y2
 s2x
x2 þ s22y2
 
ð34Þ
or
E/ ¼ S
ﬃﬃﬃ
h
p
cos 2/
pr
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C44j11ð1þ hÞ
p ð1þ h sin2 2/Þ ; Er ¼ 0 ð35Þ
It is noted that the induced electric ﬁeld has no radial compo-
nent. The stress distribution is expressed by the equations
szx ¼  S2p
s1x
x2 þ s21y2
þ s2x
x2 þ s22y2
 
ð36Þ
syz ¼  S2p
s1y
x2 þ s21y2
þ s2y
x2 þ s22y2
 
ð37Þ
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szr ¼  S
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ hp
prð1þ h sin2 2/Þ
; sz/ ¼ 0 ð38Þ
The purely radial-like stress component should be noted. The
results for the electric displacement are
Dx ¼  S2p
ﬃﬃﬃﬃﬃﬃﬃ
j11
C44
r
s21y
x2 þ s21y2
 s
2
2y
x2 þ s22y2
 
ð39Þ
Dy ¼ S2p
ﬃﬃﬃﬃﬃﬃﬃ
j11
C44
r
x
x2 þ s21y2
 x
x2 þ s22y2
 
ð40Þ
The corresponding polar components are
Dr ¼  Spr
ﬃﬃﬃﬃﬃﬃﬃ
j11
C44
r
sin 2/
ð1þ h sin2 2/Þ
; D/ ¼ 0 ð41Þ
Like the shear stress distribution, the radial-like electric dis-
placement should be noted.
It is also of interest to note that the results obtained are also
valid for the electric boundary condition of type (B), since Dy is
null on the boundary of the half-plane as shown in Eq. (40). A
direct derivation using Eqs. (21) and (22) has reconﬁrmed this
conclusion.
Furthermore it should be pointed out that the solution can be
employed as the solutions to some wedge problems in which the
concentrated line force is acting at the vertex of the wedge, includ-
ing the whole plane as a special case.
4.2. A dislocation beneath the free surface
Consider a screw dislocation of Burger’s vector b at (x0, y0) run-
ning in the direction of z-axis below the free surface [010] of the
half-space region. This problem can be solved by ﬁrst calculating
the residual shear stress syz and electric potentialU (or electric dis-
placement Dy) on the free surface caused by the dislocation in an
inﬁnite region, and then perform the integration as shown in Eqs.
(17) and (18) (or Eqs. (21) and (22)) for the corresponding negative
quantities. The above-mentioned circuitous integration process for
the solution can be avoided, however. In fact, it would be easier
and more insightful to solve the problem in the following way.
The sought complex functions F1(z1) and F2(z2) can be consid-
ered to be represented by two parts as
F1ðz1Þ ¼ G1ðz1Þ þ H1ðz1Þ; F2ðz2Þ ¼ G2ðz2Þ þ H2ðz2Þ ð42Þ
The functions represented by Gk(k = 1, 2) correspond the solution of
an isolated dislocation in an inﬁnite region, or explicitly
G1ðz1Þ ¼  ib8p lnðz1  z
0
1Þ; G2ðz2Þ ¼ 
ib
8p
lnðz2  z02Þ ð43Þ
where z01 ¼ x0 þ l1y0 and z02 ¼ x0 þ l2y0. Two auxiliary functions
(complex conjugate to G1 and G2, respectively) are introduced
G1ðz1Þ ¼ ib8p ln ðz1  z
0
1Þ; G2ðz2Þ ¼
ib
8p ln ðz1  z
0
2Þ ð44Þ
For the boundary condition of type (A), it is required that on
y = 0
2Re k1ðG1ðxÞ þ H1ðxÞÞ þ k2ðG2ðxÞ þ H2ðxÞÞ½  ¼ U ð45Þ
2Re ðC44l1þe14k1ÞðG01ðxÞþH01ðxÞÞþðC44l2þe14k2ÞðG02ðxÞþH02ðxÞÞ
 ¼ 0 ð46Þ
After simpliﬁcation, these two equations lead to
Re iðG01ðxÞ þ H01ðxÞ  G02ðxÞ  H02ðxÞÞ
  ¼ 0 ð47Þ
Re iðG01ðxÞ þ H01ðxÞ þ G02ðxÞ þ H02ðxÞÞ
  ¼ 0 ð48ÞThe equations can be algebraically solved and it is found that
H01ðz1Þ ¼ G01ðz1Þ; H02ðz1Þ ¼ G02ðz1Þ ð49Þ
Thus, the complete solution can be written as
F 01ðz1Þ ¼ 
ib
8pðz1  z01Þ
þ ib
8pðz1  z01Þ
ð50Þ
F 02ðz2Þ ¼ 
ib
8pðz2  z02Þ
þ ib
8pðz2  z02Þ
ð51Þ
The physical quantities of interest can be easily calculated. To
save the space only the shear stress components are shown for
y = y0 = d,
syz ¼ C44b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ hp
4p
2
x x0 
x x0
ðx x0Þ2 þ 4s21d2
 x x
0
ðx x0Þ2 þ 4s22d2
 !
ð52Þ
Likewise, the boundary conditions of type (B) can be written as
Re G01ðxÞ þ H01ðxÞ  G02ðxÞ  H02ðxÞ
  ¼ 0 ð53Þ
Re iðG01ðxÞ þ H01ðxÞ þ G02ðxÞ þ H02ðxÞÞ
  ¼ 0 ð54Þ
It is concluded that
H01ðz1Þ ¼ G02ðz1Þ; H02ðz2Þ ¼ G01ðz2Þ ð55Þ
Thus, the complex functions for the solution in this case can be
written as
F 01ðz1Þ ¼ 
ib
8pðz1  z01Þ
þ ib
8pðz1  z02Þ
ð56Þ
F 02ðz2Þ ¼ 
ib
8pðz2  z02Þ
þ ib
8pðz2  z01Þ
ð57Þ
It is straightforward to verify that the solution indeed satisﬁes
all the requirements. The corresponding shear stress distribution
for y = y0 = d is
syz ¼ C44b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ hp
2p
1
x x0 
x x0
ðx x0Þ2 þ ðs1 þ s2Þ2d2
 !
ð58Þ
and this equation will be used later.5. Subsurface crack problems
Results obtained in the previous section can be used as the
Green’s function for other related half-space problems. As an illus-
tration, in the following a subsurface crack problem is solved by
simulating the crack as a continuous distribution of dislocations.
There are different assumptions regarding the electric conditions
on the crack surface and different models have been proposed
(Parton, 1976; Pak, 1990; Sosa, 1991; Suo et al., 1992; Hao and
Shen, 1994; Park and Sun, 1995; Gao et al., 1997; Dascalu and
Homentcovschi, 2002; Chiang and Weng, 2007; Li et al., 2008). In
this paper, the crack is assumed to be permeable in the sense that
the electric potential is continuous across the crack surfaces. In
order to solve problems of impermeable cracks, in addition to
dislocations one has to use the fundamental solution of a line
singularity associated with electric potential jump (Chiang, 2013b).
As shown in Fig. 3, a subsurface crack of length 2a lying at a dis-
tance d below the surface subjecting a uniform distribution of
shear traction sA. Two types of electric boundary conditions on
y = 0 mentioned earlier are taken again.
Table 3
Numerical results for the dimensionless stress intensity factor KIII of a subsurface
crack subjected to a uniform anti-plane shear on crack surfaces.
d/a Bi4Ge3O12 (A)
U = const.
Bi4Ge3O12 (B)
Dy = 0
Bi12GeO20 (A)
U = const.
Bi12GeO20 (B)
Dy = 0
10 1.001 1.001 1.002 1.001
5 1.005 1.005 1.006 1.004
3 1.013 1.013 1.016 1.012
2 1.028 1.028 1.033 1.026
1 1.091 1.091 1.098 1.084
0.8 1.127 1.127 1.133 1.118
0.6 1.187 1.187 1.191 1.174
0.4 1.301 1.301 1.301 1.284
0.2 1.597 1.597 1.586 1.569
0.1 2.056 2.056 2.028 2.013
0.09 2.143 2.143 2.113 2.098
0.08 2.248 2.248 2.214 2.199
0.07 2.375 2.375 2.337 2.323
0.06 2.535 2.534 2.491 2.477
0.05 2.741 2.741 2.691 2.678
0.04 3.024 3.024 2.965 2.952
0.03 3.442 3.442 3.370 3.358
0.02 4.151 4.151 4.058 4.047
0.01 5.769 5.769 5.630 5.621
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constant electric potential, then according to Eq. (52), the problem
can be reduced to ﬁnd a suitable distribution of dislocations B(t)
such that the following integral equation holds
C44
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þhp
4p
Z a
a
2
x t
x t
ðx tÞ2þ4s21d2
 x t
ðx tÞ2þ4s22d2
( )
BðtÞdt¼sA;
jxj< a ð59Þ
with an additional condition thatZ a
a
BðtÞdt ¼ 0 ð60Þ
When the electric boundary condition is speciﬁed as Dy = 0 on
y = 0, then from Eq. (58) this would lead to the following equation
C44
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þhp
2p
Z a
a
1
x t
x t
ðx tÞ2þðs1þ s2Þ2d2
( )
BðtÞdt¼sA; jxj< a ð61Þ
with the same supplement condition of Eq. (60).
It is noted that when d >> a, both Eq. (59) and (61) reduce to
C44
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ hp
2p
Z a
a
BðtÞ
x t dt ¼ s
A ð62Þ
In conjunction with Eq. (60), the exact and closed form solution can
be found for B(t) and it is concluded that KIII ¼ sA
ﬃﬃﬃﬃﬃﬃ
pa
p
independent
of material constants (Chiang, 2013a). When d is comparable or
smaller than a, a numerical approach has been adopted to deter-
mined B(t) here. It is expected that B(t) is unbounded at both ends,
thus it is assumed that BðtÞ ¼ wðtÞ= ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðaþ tÞða tÞp where w(t) is a
new unknown function to be determined. It is expedient to normal-
ize the integral equation (59) and (60) by the scale of half-crack
length a, so that their integration ranges are between 1 and 1.
Their corresponding algebraic equations of unknown variable w^ at
some discrete points converted by the Gauss–Chebyshev integra-
tion formula can be written as
Xn
j¼1
p
n
Cðri; tjÞw^ðtjÞ ¼ Fi; i ¼ 1;2; . . . ; n 1
Xn
j¼1
p
n
w^ðtjÞ ¼ 0; ð63Þ
respectively where
Cðri; tjÞ ¼ 2tj  ri 
tj  ri
ðtj  riÞ2 þ 4s21ðd=aÞ2
 tj  ri
ðtj  riÞ2 þ 4s22ðd=aÞ2
Fi ¼ 4ps
Aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ hp C44
; ri ¼ cos ipn
 
; i ¼ 1;2; . . .n 1
tj ¼ cos ð2j 1Þp2n
 
j ¼ 1;2; . . .n
Since the stress intensity factor is related to the dislocation den-
sity at the crack tip by
KIII ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pð1þ hÞ
q
C44wðaÞ=ð2
ﬃﬃﬃﬃﬃﬃ
2a
p
Þ ð64ÞFig. 3. A subsurface crack on which a uniform anti-plane shear traction sA acts.And note that wðaÞ ¼ aw^ð1Þ, it is ready to show that the normalized
stress intensity factor is given as
KIII ¼ KIII=ðsA
ﬃﬃﬃﬃﬃﬃ
pa
p Þ ¼ 2pw^ð1Þ ð65Þ
by solving algebraic equations (63) with Fi = 1. The value of w^ð1Þ is
determined by a linear extrapolation process from the values at two
adjacent Gauss–Chebyshev points, i.e., w^ðt2Þ and w^ðt1Þ. Similar treat-
ment has also been used to solve the integral equations of (60) and
(61). A detailed account of mathematical groundwork can be found
in Erdogan et al. (1973). The following numerical results are ob-
tained by using n = 256 and the error is estimated to be less than
0.1%. Results of normalized stress intensity factors are shown in
Table 3 and Fig. 4. Some interesting features should be noted. For
small values of h such as Bismuth Germanate, the electric boundary
condition of the half-space has little impact on KIII which is almost
the same as those of isotropic (non-piezoelectric) materials. On
the other hand, for large values of h such as Bismuth Germanium
Oxide, the electric boundary condition is crucial as the results of
Table 3 shown. In general, KIII is smaller for the electric boundary
condition (B) than the counterpart of boundary condition (A); such10−2 10−1 100 101
1
1.5
2
2.5
 d/a 
Fig. 4. Normalized stress intensity factor versus dimensionless depth (d/a).
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Fig. 5. The inﬂuence of electromechanical coupling factor h on the stress intensity
factors for two types of electrical boundary conditions on the external surface.
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mechanical coupling parameter h. To corroborate this conclusion,
a parametric study for a typical depth (d/a = 0.01) is conducted.
As shown in Fig. 5, indeed for the spectrum of h between 102
and 103, the normalized KIII under condition (B) is always smaller
than that under condition (A).
Finally it is noted that under the present condition, for a perme-
able crack, the energy release rate G is related to the stress inten-
sity factor by (Chiang, 2013b)
G ¼ K
2
III
2C44
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ hp ð66Þ
This result is quite different from the case of hexagonal crystals of
6 mm where the energy release rate of a permeable crack is simply
given by K2III=ð2C44Þ.
6. Concluding remarks
Half-space problems of cubic piezoelectric materials subjected
to anti-plane deformation and in-plane electric ﬁeld are solved,
and the solutions are expressed in terms of the integration of the
boundary data prescribed over the surface. The electromechanical
ﬁeld caused by a concentrated line force acting on the surface is
accordingly derived; it is found that the equi-potential lines are
straight and all emanate from the point of action; the purely
radial stress component and purely radial electric displacementcomponent should be particularly noted as these features may be
useful in considering problems in other geometries of domain such
as a concentrated line force acting at the vertex of a wedge.
The fundamental solution for a screw dislocation beneath the
free surface is obtained for two different types of electric boundary
condition imposing on the surface. Based on this solution, subsur-
face crack problems are treated by simulating the crack as a contin-
uous distribution of dislocations. It is concluded that for low values
of electromechanical coupling factor h, the electric boundary con-
dition has a negligible inﬂuence; on the other hand, for high values
of h, the effect of electric boundary condition can not be
overlooked.
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